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Abstract—This paper studies sharing of unlicensed users over a downlink such that a given user is served
spectrum bands between network operators by formu- by only its own operator. Motivated by the physical
lating it as a hybrid noncooperative game. A multi-user  |ayer considerations (e.g. in IEEE 802.22 specifica-
multl-channe_l do_wnll_nk transmission is con5|der§d where tions), we model the underlying communication link as
the communication links are modeled as Gaussian paral-  qo of parallel and independent interference channels.
lel interference channels. Each transmitter, controlled ly .

a competing operator, selects one user per channel from On each channel, one use!' for each operator is served.
its registered users as well as the transmission power Furthermore, each transmitter has a total power con-
level on each channel. straint and needs to allocate power across all available

The operators are selfish and aim to maximize their channels while maximizing the communication rate.
sum-rate which is captured by a hybrid noncooperative Thus, the decision variable in the game is a joint

game model. Nash equilbrium provides an incentive- selection of users and powers on each channel making
compatible and suitable solution concept for this game. jt g hybrid game.
Sufficient conditions for the existence and uniqueness of The Nash equilbrium provides an

a (pure) Nash equilibrium are derived. Furthermore, an ., \asinie and suitable solution concept for the game
algorithm is proposed to compute all Nash equilibria.

Additional insights into user selection in the high SNR formulated. We derive sufficient conditions for the

and low SNR regimes are developed via a numerical existence and unigueness of a (pure) Nash equilibrium.
example. Finally, a mechanism based on pricing is inves- Furthermore, an algorithm is proposed to compute all
tigated to drive the Nash Equilibrium of the game to a Nash equilibria. Additional insights into user selection
pareto-optimal solution, for example, by an independent in the high SNR and low SNR regimes are developed
regulator. via a numerical example. Finally, a mechanism based
on pricing is investigated to drive the Nash Equilibrium
of the game to a pareto-optimal solution, for example,
As the need for and importance of wireless commuby an independent regulator.
nication increases, there has been a growing interestThe rest of the paper is organized as follows. The
in using the available and limited spectrum. Cogninext subsection gives an overview of background on
tive radios and opportunistic use of television whitgpectrum sharing and related work. We introduce the
space spectrum are two paradigms that demonstrate tbigannel model and the underlying game formally in
trend. Another related development is the promotion @ection Il. We identify the game as a hybrid game
market-based mechanisms for more efficient sharing ahd propose an algorithm to characterize all the Nash
wireless spectrum by promoting a competitive envirorequilibrium solutions in Section 1ll. Some insights
ment among operators. into selection betweeimterference limited and noise
This paper focuses on the problem of co-existendémited users are developed in Section IV via a numer-
of multiple, selfish, and competitive operators in afcal example. Section V introduces a simple distrib-
unlicensed band. How should each operator use itged algorithm for the joint user-selection and power-
available resources in such an environment? We studjlocation problem. Finally, Section VI suggests an
this problem by formulating a noncooperative gam@pproach to drive the Nash Equilibrium to any desired
between several operators. Each operator has one traggerating point through a judicious choice of pricing
mitter that communicates to its own set of registereghechanisms.

incentive-
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States permits use of the television (TV) white space II. CHANNEL MODEL

These rules have created new opportunities for developsers per operator and parallel channels. The channel
ing wireless networks in frequency bands, which havg,qdel between operatorand usek € {1,2,...,K} is
superior propagation and building penetration than the

ones used by traditional net\_/vorks (e.9., WiFi, Bluetooth .\ (m) = \/hue(mM)xic(m) + [gjk(m)x; (M) + z(m),
etc.). On the other hand, this newly available spectrum _ ,
varies with location, there are strict restrictions on m=12...M, nj=12 j#n (1)

tranmission power, and devices using it need to ensurrere h, (m) denotes the direct channel gain between
that they do nto cause interference tpramary device the transmitter of operator and its usek on channel
operating in the same spectrum [2]. m and gjx(m) denotes the interfering gain between
the transmitter of operatoj and the useik of the

A number of standardization activities have emergedther operator and on channel The additive noise
to identify key challenges and develop new solutions;(m) is assumed to be Gaussian and independent for
for using the TV white space spectrum with cognitiveeach channel. Without loss in generality, we assume
radios. One such activity is conducted by the IEEEhat it is of unit variance. Furthemore, we note that
802.22 Wireless Regional area network (WRAN) [3]while our model restricts to the case of two operators
The physical (PHY) layer in this standard uses orthogder simplicity, the results easily extend to an arbitrary
nal frequency division multiple access (OFDMA) basetiumber of operators. Although we only consider real-
modulation schemes for both uplink and downlinkvalued channel gains, we can also extend the results to
transmission [4]. OFDMA is a natural choice sincecomplex valued channel gains, by treating the real and
at any location it treats the available multiple disjoinimaginary parts separately.
TV bands (each of 6MHz bandwidth) as a sequenc&:

. Decision variables and Utility function
of parallel channels. Hence, the need for contiguous -
spectrum is avoided. Each operator has a total power constréntvhich

is split across theM sub-channels. The power of

In related works, the problem of power allocatiorPP€ratorn on channeim is denoted bypn(m) and the
over interference channels has been studied when th&fé ©f all feasible power allocations is given by
is one receiver for each transmitter. An iterative water- M
filing strategy for power allocation has been proposed <n = {pn e RM ‘ Pa(M) =0, > pn(m) < P}> 2
in [5] and further developed in [6], [7] and references m=1
therein. Sufficient conditions on the channel gainghere we denote the power vector selected by operator
for the convergence of the iterative algorithm havé by
been derived in these references. For a game theoretic Pn = (Pn(1),..., Pa(M)).

treatment of the power-allocation problem see [8], £or each channel € m< M. the operaton € {1,2}

[9]. Finally, some pricing mechanisms to improve theg|acts usekn(m) from the set of user§1,2,...,K}

Nash Equilibrium operating point have been discusseq,scribed to it. We denote the set of all users selected

in [10]. by operatom by k,. The utility function for operator
S _ ~ n, given the choice of power levelp, and users

to-multipoint scenario, where each transmitter servgfsing Gaussian codebooks and treating interference as
multiple receivers. The transmitter not only selects thggpjse [11],

transmit power on each channel but also selects a

user on each channel. Furthermore, each transmitter isU (Prknpi) = M }Io 14 Pn (M) Py, m) (M)
controlled by a single selfish and competitive operator. ~"\Pm<nP] 7%12 g 1+ pj(M)Gjiumy (M) 7

We formulate this problem as a hybrid noncooperative , :
: : naJ:1727J7én' (3)

game and propose an algorithm to determine all the

(pure) Nash equilibrium points of this game. Further- Each selfish operator tries to maximize its own utility

more, we develop some insights into how the usagiven the actions of others resulting in a interference-

selection can vary in the low and high SNR regimes.coupled and competitive environment.



B. Nash equilibrium solution « For eachky € {1,....K}M, if ky # k; we

Nash equilibrium provides a useful solution concept have that
for noncooperative games. At the Nash equilibrium UL(pL K% p5) > Ur (pr(ki: K3 K3), ke pb)
solution, no player has any incentive to deviate from it. 7)
We say that({ky,pi}, {k3,p3}) is a Nash equilibrium . foreachkp € {1,...,K}M, if ko # k3 we have
(NE) solution to the joint user-selection and power- that

allocation game if o o X
Us(p1, K3 P3) > Ui (pa, ki p3), @ ValP KaiP) >Ul(pZ(kz’kl’kZ)’kz’pl()S)
Uz(p3,k5;p1) > Uz(p2,k2;p1), The following theorem establishes connections be-

for all feasible power vectorp; € #;, p, € &, tween a dominant paiiky,k3) and the NE of the joint

and user-selection vectoks € {1,...,K}™ andk, ¢ user selection and power allocation game.

{1,...,KIM. The Nash equilibrium is unique if there Theorem 1. Suppose that for each pair of user

is a unigue solution to (4). selection vectors the power-allocation game has a

We note that two separate NE are discussed in tigique NE i.e., step 1 above is well defined. Then,
rest of the paper: one of the power-allocation gamié (ki,k3) that satisfy (7)-(8) the corresponding
where the user selection is pre-determined and one pair ({ki,pi},{k5,p5}) is a NE in the joint user-
the joint user-selection and power-allocation game. Waelection and power-allocation pair. Conversely, if
identify each with the specific game mentioned. ({k3,p1}.{k3,p5}) is a NE in the joint user-selection

and power-allocation pair, then they satisfy (7)-(8).

Ill. HYBRID GAME APPROACH Proof: To establish the direct part, we first show

The joint user-selection and power-allocation gamghat
is a hybrid game where each player selects users from U1(p1, KT p5) > Us(p1, K1 p3),
a discrete set and power levels from a continuous set. ) ] )
To obtain a pure NE solution to this game we exploieS Stated in (4). This follows since from (7)
the hybrlql structure and introduce an order in selection U1 (p}, k2 p3) > U (pa(ke; K3, Kk3), K1 pb)
as described below. s
. . > U1(p1,k1;p3),
1) For each choice of user selection vectors
(k1,k2) €{1,...,KIMx {1 ... . KIM we compute Where the last relation follows via (5). Similarly we can
the Nash Equilibrium power-allocation vectorsestablish that
using the iterative water-filling algorithm in [5], ¥ Lk ok .
. : U ; Ua(p2,k2;p7),
[7]. Fig. 1 shows the set of power allocation 2(P2, K2 P1) > Ua(p2;kaip1)
vectors for each choice of users fidr= 2 users for all feasiblep, € &7, and allk, # k3. To establish the
andM = 2 channels. If the channel satisfy the sufthe converse part, we show that(ifki,p7},{k3,p5})
ficient condition in Lemma 1 the iterative water-is a NE solution to the original game then the resulting
filling algorithm converges to a unique solutionvectors(kj,k3) satisfy (7)-(6). Since
(p1,p5) for each pair of usersky, k). . Lx .
2) For each pair(kj,k3) and for eachk; € Us(p1, KT:P2) > Ua(pa, k1 p2),
{1,...,K}M we consider a deviatiok’ — k1 it follows that
and compute the resulting power vector for this

deviation U1(p1,k1ip3) > max Ui(pg,kiip3),
p1€P1
pl(kl;ki,kﬁ):argprg%xul(pl,kl;pﬁ) (5) = U1(pa(K1iK1,k3),K1;p3),
1 1

where the last relation follows from (5). This estab-
lishes (7). The relation (8) can be similarly established.
[ |
p2(ko;ki,k3) = arg maxUz (p2,k2;pi) (6) It remains to establish a set of sufficient conditions on
P2EZ2 the channel gains for the existence of a unique NE to
3) We say that({kj,pi},{k3,p5}) is a dominant the power allocation game for each for each pair of
pair if the following is satisfied: user selection vectors.

Likewise, for each deviatiok; — k», we com-
pute the resulting power vector



OP. 2/0P. 1 (1,1) (1,2) (2,1) (2,2)
(1,1) p1(11,11),p2(11,11) | p1(11,12),p2(11,12) | p1(11,21),p2(11,21) | p1(11,22),p2(11,22)
(l7 2) p1(12,11),p2(12,11) pl(12, 12),p2(12, 12) p1(12,21),p2(12,21) p1(12, 22)7p2(12, 22)
(2,1) p1(21,11),p2(21,11) | p1(21,12),p2(21,12) | p1(21,21),p2(21,21) | p1(21,22),p2(21,22)
(2,2) p1(22,11),p2(22,11) | p1(22,12),p2(22,12) | p1(22,21),p2(22,21) | p1(22,22),p2(22,22)

Fig. 1. A matrix showing power allocation vector pairs fockaelection of users by operators (OP) 1 and 2. Each pairwéipeectors
is computed using an iterative water-filling algorithm.Hetchannels satisfy the sufficient condition in Lemma 1 teeattve water-filling
algorithm converges to a unique solution for each pair ofsuse

Lemma 1: A sufficient condition for the existence _ _ user 1 user 2
of a unique NE solution to the power allocation game direct gain(hij) | 1 10
for each pair of user selection vectors in Step 1 of our cross gain(gij) 0 S
algorithm is that
max max max gik(m) <1 9) " : :
ke{l...K} j.ne{1.2}, 1=m<M hp(m) : The utility functions (3) for the two users are given
j#n as follows
1 .
Proof: For a givencell c in Table 1 above let the Uj(p, L;q) = > log(1+p), j=1,2 (12a)

user selection vectors l§kS, k5). A sufficient condition

for the existence of a unique power allocation vector 1 10p -

. Uj 2;,q)==log(1+-——], =12 (12b

is [5] i(p, 2;9) = 5log 118 j (12b)
max _max 9ikg(m (M) <1 (10) Intuitively user 1 is noise limited user. It does not suffer
Jv”?ﬁ;z%lﬁmﬁ'\" Pk (m) (M) from any interference, however its cross gain is low.

_ _ _ _ We compute the NE assuming that both the operators
Since we need to satisfy this relation for all usepave the same power constraintRf\We note for the

selection vectors, we obtain NE each operator uses all the available power since
Gjks(m) (M) regardless of the choice of the users, deviating from this
max max max s <1, (11) point (when the other user uses all the available power)

© Ineii2hismsM o am) (M) will strictly reduce the utility functions (12a), (12b).

. . _ The NE utility for each users is given by
Since the indexc cycles through all possible user se-
lection vectors the above condition is equivalent to (9). U (P) = max{U;(P, 1; P),U;(P, 2; P)}  (13)
[

Intuitively Lemma 1 states that a unique NE exists th€+» €aCh access point selects a user that maximizes the
the power allocation game if for each user in the systefgSUlting rate. Fig. 2plots the utility functions (12a),
the direct channel gain with respect to its own operatéd (12b) as a function of P. We note that in the low

exceeds the cross gain with respect to the interferifgPWer regime it is favorable to select user 2 as its
utility function is higher. This is explained by noting

operator.
that whenP ~ 0, we have that
IV. NUMERICAL EXAMPLE 1 10P 1
] ) o ] Ui(P, 2;P)==log| 1+ —+— ) ~ =log(1+10P
In this section we develop some insights into the it ) 2 g< 1+5P> 2 o )

interplay between user-selection and power levels of, . ‘ o 1 .
the two operators. For simplicity we consider the casvé'h'Ch i)f(]ceedlyj(:; tﬁ’P.) t_ ;IOQ(H' P)'dAS v(\j/e tm-
when there is only a single channel il = 1 and there crease the value © Interierence produced at user

are two userK — 2. Furthermore, we assume that thel increases and its utility function decreases. WRen

users on the two links are symmetric i.e., (c.f. (1)) w s sufficiently high, it is favorable to select user 1 since

haveh;j = hy; andgsj = gpj for j =1,2. The specific or P> 1, we have that

i 1 10P 1
values for channel gains of the two users are chosen as Ui (P, 2;P) ~ - log (1+ ﬁ) ~3 log3



. ‘ ‘ ‘ ‘ ‘ 2) repeat the loop below foF steps

ool o] « for each access poim=1,2 ... ,N
« for each channan=1,2....M

« for eachk=12,... K, compute

Pn(m)hnk(m)

SINRqk(m) =
1+ 3 j4n9jk(MPj(m)
the signal-to-interference plus noise ratio of
userk belonging to access pointon channel
m.

« Selectk*(n,m) — the user with the largest
SINR on each channel.

k*(n,m) = arg nlw(aﬁl NRq(m)

o
o
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Fig. 2. The plot of utility functions given each user as a fiort e Let

of the maximum transmit power. The dotted curve shows wtilit

function of user 1 (12a) while the dashed curve shows théyutil ki, = [k*(n,1),k*(n,2),...,k*(n,M)]

function of user 2 (12b). Note that user 1 is a “noise limitediile ) )
user 2 is “interference limited” user. In the low SNR regintiee be the user selection vector for access point
utility function of user 2 is larger than user 1 and each azpesnt n

selects user 2. In the high SNR regime, the utility functiéruser

1 is larger and each access point selects user 1. + Update the power vectq, as

Pl = arggg%ﬂn(p, Kfs 1P Fezn)

whereas the rate when selecting user 1 by standard water-filing algorithm.

Unlike the traditional single-user iterative water-

increases with unboundedly with the transmit power.]cIIIIng algor!thms, the propos_ed algorithm mvoIv_es a
yser selection step from a discrete set of candidates.

Fig. 2 indicates that for the specific choice of chann i ) . )
~19. 2 1N P i—{ence its convergence analysis appears involved and is
gains in this examples, the operators select user 2 att| %

eft for future work.

NE whenP g 1.8 and select user 1 otherwise. More

generally the NE favors selecting interference limited VI. PRICING MECHANISMS

users in the low-SNR regime while noise limited users In general it is well-known that a Nash Equilibrium
in the high-SNR regime.

Uj(P, 1,P) = %Iog(lqL P)

solution may not be Pareto optimal. One approach
to drive the NE to a desired operating point is to
introduce a pricing mechanism [12], [10]. Here we

_ _ _ extend this approach for the joint user selection and
Our discussion so far focusses on the existence ghwer allocation game. Furthermore in this section we

Nash Equilibrium. In practice it is desirable to havéssume that there is no sum-power constraint i.e., the
a distributed algorithm that can be implemented indggasible set of power is simply

pendently by each operator. Such algorithms have been

proposed for the case of a single receiver in e.g., [5], 2, = {(pn(1)7---,pn(|\/|)) Pn(m) > O}. (14)

[7]. In this section we generalize these algorithms to

include the user selection step. In what follows we Suppose that it is desired that the transmitter
assume that there ake users for each access poiM, choose a power allocation level, for n=1,2. In
parallel interference channels and one transmitter faome cases, the desirable operating point of the system

V. ITERATIVE USER SELECTION AND
WATER-FILLING ALGORITHM

each of theN operators. may be not a single point but a region which brings
................................................ additional flexibility. We consider a regulator imposing
1) Initialize the power levels a pricing mechanism to drive the NE to the desired

N operating point. More specifically if the transmitter
pn=[P/M,P/M,....P/M] selects a power levep, the regulator will charge



a value of yAmpn(m) to the operator so that the
resulting utility function becomes

U_n(pmkn; {Pj}i#n) =Un(Pn,Kni {Pj}j£n) — ZAmpn(m)-

Note that the prices published by the regulator still
depend on the knowledge of the channel gains between
the operator and the users. Developing mechanisms to
learn these channel gains remains an open problem to
be addressed in future works.

In what follows we consider two pricing mechanisms

as discussed below.

A. User dependent prices

In this case we allow the regulator to publish zig

separate price for each choice of user i.e.,
n selects usek on channelm, the price to be paid
to the regulator isAn(m). In order to ensure that the
power used by the operator is the desired vadp@m)
by following [12], we need that for eadh=1,...,K

hnk(M) p )

_ 1
Pn(mM) = argmax > log <1+

if transmitter

VIl. CONCLUSIONS

We study a joint user-selection and power-allocation
ame between competitive operators over parallel in-
erference channels. We identify this game as a hybrid
game and exploit this structure to develop an algorithm
for characterizing the unique NE of the game. A distrib-
uted iterative algorithm is also proposed for this game.
We develop insights into the user selection problem in
high and low SNR regimes via a numerical example.
Finally, a pricing mechanism is introduced to drive the
NE to any desired operating point in the system.

1+ 3 j2nPi(M)Gjk(m)
—Ank(m)p

which implies that [1]
hnk(m)

Ank(m) = — — .
M) = S (M) + 3 P (M)
B. User independent prices

In general it may be prohibitively complex if the
regulator is required to publish a separate price for
each uses partly also to information constraints. It iy
natural to ask whether we drive the system to a desired
operating point{p,} by restricting the regulator to
charge a single price that does not depend on th[es]
selected user. Interestingly, it is possible to do so.

Proposition 1: Suppose that on channel and for
operatorn the regulator selects a single price

hnk*(m)
1+ pn(M)hnic- (M) + 3 20 Pj (M) (M)’

(2]

(6]

Ak (M) = o [7]

where

k*=arg max h”f(m)
ke{l K} 1 P (M)gjk(m)

denote the index of the strongest user on this channel®]

Then, the operaton maximizes its utility function on

channelm by selecting powep,(m).

Proof: Clearly if operatorn selects usek* as [10]
defined above, based on the discussion in the previous
sub-section it will choose a power(m). Furthermore
if the operator selects another user on this channglh]
then its payoff will only be smaller, sincke* denotes
the user with the largest SINR. Hence the transmittet?!
will maximize its payoff by selecting a power level of

Pn(m). ]

(8]
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